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Abstract 



Nongraded infinite-dimensional Lie algebras appeared naturally in the theory of Hamilto- 
nian operators, the theory of vertex algebras and their multi-variable analogues. They play 
important roles in mathematical physics. This survey article is written based on the author's 
seminar talks on nongraded infinite-dimensional simple Lie algebras. The key constructional 
ingredients of our Lie algebras are locally-finite derivations. The structure spaces of some 
families of these simple Lie algebras can be viewed as analogues of vector bundles with Lie 
algebras as fibers. We also believe that some of our simple Lie algebras could be related to 
noncommutative geometry. 

1 Introduction 

A Lie (super)algebra G is called finitely -graded if ^ = 0cter is a F-graded vector space for 
some abelian group F such that 



In short, we call finitely- graded as graded. Graded infinite-dimensional simple Lie (super) algebras 
have been extensively studied (e.g., cf. [Bl], [CK], [DZl-5], [Kl-4], [K6], [Kn], [Ll-2], [Mol-2], 
[Mr], [O], [OZl-4], [Sl-3], [Zl], [W]). Our list of references might be partial. An important 
family of graded infinite-dimensional simple Lie algebras associated with generalizations of Car- 
tan matrices were introduced by Kac [Kl] and Moody [Mr]. Most of the other graded infinite- 
dimensional simple Lie algebras are related to derivations and commutative associative algebras. 
Z-graded simple Lie algebras were classified by Kac [Kl], Weisfeiler [W] and Mathieu [Mol]. 
Z-graded-simple Lie algebras were classified by Mathieu [Mo2]. Cheng and Kac [CK] classified 
Z-graded simple Lie superalgebras. 

Vertex (super)algebras were originally introduced in order to study the moonshine repre- 
sentation of the Monster group (cf. [Bo], [FLM]). Vertex (super)algebras have become the 
fundamental algebraic structures in (super)conformal field theory. These algebraic structures 
have been reformulated by Beilinson and Drinfeld [BD] in terms of algebraic geometry. The 
Lie (super)algebras associated with vertex (super)algebras are in general not graded (cf. [Bo], 
[FLM], [K5], [X3]). They are Lie algebras with one- variable structure. Kac [K5] introduced 
the notation of conformal (super)algebra, which is the local structure of a Lie (super)algebra 
with one-variable structure. Vertex (super)algebras are generated by conformal (super) algebras. 
We proved in [X9] that conformal (super) algebras are equivalent to linear Hamiltonian (su- 
per)operators. Bakalov, D'Andrea and Kac [BDK] introduced a multi-variable analogue of 
conformal algebra. 

Our earlier motivation of studying nongraded simple Lie superalgebras was from the study 
of the Lie superalgebras generated by the Hamiltonian superoperators associated with Novikov- 
Poisson algebras (cf. [X2], [X5]). The notion of Novikov-Poisson algebra was introduced in 
[XI] in order to establish a tensor theory for Novikov algebras. More new nongraded Lie (su- 
per)algebras appeared in our work [X6] of quadratic conformal superalgebras, which are related 
to certain Hamiltonian pairs. In general, we are interested in knowing which Lie (super)algebras 
are simple algebras with one-variable structure. 







A linear transformation T on a vector space V is called locally-finite if 

dim(Span {r"(ii) | n G N}) < oo ioi ueV, (1.2) 

where N is the additive semigroup of nonnegative integers. The simple Lie (super) algebras dis- 
cussed in this article are related to locally-finite derivations of commutative associative algebras. 
Under certain conditions, they are Lie (super) algebras with multi-variable structures. 

Throughout this article, all the vector spaces (algebras) are assumed over a field F with 
characteristic 0. Most important examples of such F are M the field of real numbers and C the 
field of complex numbers. We also denote by Z the ring of integers. 

2 Lie Algebras of Witt Type and Divergence-Free 

A derivation d of a commutative associative algebra .4 is a linear transformation on A such that 

d{uv) = d{u)v + ud{v) for u,v E. A. (2-1) 

The space Der A of all the derivations of A forms a Lie algebra with the Lie bracket 

[di,d2\ = did2 - d2di for di, (i2 e Der A, (2.2) 

where the multiplications on the right-hand side are compositions of linear transformations. For 
u E A and d G Der A, we define the operator ud by 

{ud){v) = ud{v) for v E A. (2.3) 

Then ud is also a derivation of A. Hence Der ^ is a left ^-module. 

Given m,n € Z with m < n, we shall use the following notation of indices 

m,n = {m, m + l,m + 2, ...,n} (2-4) 

throughout this article. We also treat m,n = when m> n. The classical Witt algebras is 

k 

W{k,¥) = -DeT¥[ti,t2,...,tk] = Y,^[ti,t2,...,tk]dt,. (2.5) 

i=l 

The Z-grading W{k,¥) = 0^gz(>V(fc,F))„ is defined by 

(W(/c,F))„ = if -l>mGZ, (2.6) 

k 

{W{k, F))^ = Span{i"H2' ■ ■ ■ t^^dt^ \ i elTk, = m + 1} if - 1 < m € Z. (2.7) 

Then the Witt algebra W{k,¥) is a simple finitely-Z-graded Lie algebra. 

For a commutative associative algebra A and a subspace P of derivations, A is called D- 
simple ( derivation- simple with respect to V) if there does not exist a subspace I oi A such that 
X ^ {0},^, and 

uT, d{I) Cl for ue A, dev. (2.8) 
When V is a Lie subalgebra of Der A, the space 

W{A) = AV (2.9) 

also form a Lie subalgebra of Der A. 
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Theorem 2.1 (Jordan, [J 1-3]). The Lie algebra yV{A) is simple if A is V-simple. 

A deficiency in Jordan's papers is that there are no essentially new examples of simple Lie 
algebras of Witt type. In [J 1-2], Jordan dealt with the case V is an abelian subalgebra. The 
results was repeated in [PI]. 

For any positive integer n, an additive subgroup G of F is called nondegenerate if G contains 
an F-basis of F". Let £i, £2 and £3 be three nonnegative integers such that 

£ = ^i+£2+-^3 >0. (2.10) 

Take any nondegenerate additive subgroup r of F^2+^3 and r = {0} when £2 + h = 0. Let 
A{£i,i2,£3',^) be a free ¥[ti,t2, ...,t^i+^2]"™odule with the basis 

{x"\aeT}. (2.11) 

Viewing A{ii, £2, £3]'^) as a vector space over F, we define a commutative associative algebraic 
operation "•" on A{£i,£2,£3;T) by 

(Cx") • (r?x^) = C??x"+^ for C,r? e ¥[h,t2, ...,te,+e,], a, per. (2.12) 

Note that is the identity element, which is denoted as 1 for convenience. When the context 
is clear, we shall omit the notation "•" in any associative algebra product. 
We define the linear transformations 

{dt„...,dt,^+e,,dl...,dl^,J (2.13) 

on^(4,^2,4;r) by 

duiCx'') = 5t,(C)a^", d*{Cx-) = a,Cx" (2.14) 

for C e F[ti,t2, -,^^1+^2] and a = (ai, a^^+^s) ^ T. Then {dt-,, ...,dt,^^^^,d^, ...,d^^^^J are 
mutually commutative derivations of A{£i,£2,£3',^)- Set 

di = dt^, di,+j = d* + dt,^^^, de,+i,+i = d^+i (2.15) 



for i € l,£i, j € 1,£2 and I € l,i?3. Observe that {di \ i E 1,£} is an F-linearly independent 
mutually commutative set of derivations. Let 

e 

V = ^¥di. (2.16) 

i=l 

In [SXZ], we classified the pairs of a commutative associative algebra A with an identity 
element and a locally-finte finite-dimensional abelian Lie subalgebra T> of derivations such that 
A is D-simple when F is algebraically closed. For neatness, we state here a more restricted result 
from [SXZ]. 

Theorem 2.2 (Su, Xu and Zhang, [SXZ]). The algebra A{£i, £2, £3;T) defined in (2.12) 
is V-simple with respect to the T> defined in (2.16). Conversely, suppose that F is algebraically 
closed, A is a commutative associative algebra with an identity element and V is a locally-finte 
finite- dimensional abelian Lie subalgebra V of derivations such that A is V-simple and 

n ker, = F, (2.17) 

then A is isom,orphic to A{£i,£2,£3',^) for some £i,£2,£3 G N and addtive subgroup T o/F^^+^s^ 
and V is of the form (2.16). 
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In particular, the Lie algebra 

4; r) = A{h,£2,h; r)v, (2.I8) 

first given in [X7], is simple, which is not finitely-graded when £2 > 0. The simplest example of 
such algebra is 

k 

w = j2ntf\,-,tf,tk+i,...,t2k]m,+\^,). (2.19) 

i=l 

The following special graded cases were studied by the other people. The algebra yV(0, 0, £3; T) 
was introduced by Kawamoto [Kn]. Osborn studied the algebra W{ii,0, i^'jT) with 

r = Ai X Ai X • • • X A^3, (2.20) 

where A, are additive subgroups of F. The algebra W(^i,0,4;r) without the condition (2.20) 

was obtained by Djokovic and Zhao [DZ3]. One can extend the algebra W(^i, ^2? ^3; T) with 
v4(£i, £2, -^3; r) replaced by any of its localization or by adding ^(£1, 4, 4; T) with certain powers 
<iit^2 ...^an fQj. gQ^g ^Ui e A{h,h,h;'i^) and (ai, 02, an) e F". The extended Witt 
algebras are still simple. Passman [P2] proved a theorem for Lie superalgebras analogous to 
Jordan's Theorem (Theorem 2.1), where V is super-commutative. 

Denote by Mmxn the algebra of m x n matrices with entries in F and by GL^ the group of 
invertible m x m matrices. Set 

Ge,,es = {{i ^'"c' ) I ^ ^ ^^^2, 5 e ^€2x^3, C e GL,, | , (2.21) 

where 0^2x^3 is the ^2 x 4 matrix whose entries are zero. Then G^jA forms a subgroup of 
GL^2_i_£3. Define an action of G^j/g on F^^^^^ by 

g{a) = ag~^ (matrix multiplication) for a G F^^+^a^ ^ g (^^^^^^ (2.22) 

For any nondegenerate additive subgroup T of F^^+^s a^^j g g G^^^g,^, the set 

g{T) = {g{a) | a G T} (2.23) 

also forms a nondegenerate additive subgroup of F^^+^s 

^t2+i3 = the set of nondegenerate additive subgroups of F^^"*"^^. (2.24) 

We have an action of G^jA ^^2+^3 by (2.23). Define the moduli space 

-^£2,(3 = ^£2+^3 /GiiA^ (2-25) 
which is the set of /a "Orbits in Jl^^+^g- 

Theorem 2.3 (Su, Xu and Zhang, [SXZ]). The Lie algebra yV{ii, £2, is',^) is isomorphic 
to the Lie algebra >V(£'j^, ^3! T') if and only if (-^1,4, 4) = {£[, i'2, i'^) and there exists an 
element g G G^j^^g such that g{T) = F'. In particular, there exists a one-to-one correspondence 
between the set of isomorphism classes of the Lie algebras of the form (2.18) and the following 
set: 

SW = {{li,l2,l:i,w) I (0,0,0) / (£1,^2,4) GN^, we Mi,,,,]. (2.26) 

In other words, the set SW is the structure space of the simple Lie algebras of Witt type in the 
form (2.18). 
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For d = Yli^=i fi^ti € W(n,F) (cf. (2.5)), we define the divergence of d by 

n 

diY d = ^dt,{fi). (2.27) 

i=l 

Set 

S{n, ¥) = {de W{n, ¥) \ div d = 0}. (2.28) 

Then <S(n, F) is the divergence-free Lie subalgebra of W(n, F). Moreover, S{n,¥) is the subal- 
gebra of W{n, F) annihilating the volume form; that is, 

S{n, ¥) = {de W(n, F) | d{dti A dig A ■ ■ ■ A dtn) = 0}. (2.29) 

When F = R the field of real numbers, is a volume-preserving diffeomorphism for each 

d G 5(n,F). The algebra S{n,¥) is called a Lie algebra of Special type. 

Let us back to our algebra W(^i,^2,^3; L) in (2.18), we define the divergence by 

e e 
div5 = ^5i(«0 fov d = J2uidieW{h,hj3;r), (2.30) 

i=l i=l 

and set 

S{£i,h,(3;r) = {d ew{£i,£2,£3;r) \ div d = 0}. (2.31) 

Let p G r be any element. Then the space 

S{£ij2j3;p,r) = xPS{£i,£2j3;r) (2.32) 

forms a Lie subalgebra of the Lie algebra W(^i,^2,^3; L) (cf. (2.11)). 

Theorem 2.4. (Xu, [X7]). The Lie algebra 5(^i, ^2,^3; P, L) is simple if £1 + £2 > or 
p = or £>3. When £1 + £2 = 0, £3 = 2 and 0, the derived subalgebra {S{£i,£2,£3; p, ^))^^^ 
is simple and has codimension one in S{£i,£2,£3; p,T). 

The above theorem was originally proved in [X7] under the condition (2.20) with £3 replaced 

by £2 + £3- Later we observed that the condition can be removed by a trick used in [DZ4]. The 
Lie algebra 5(£i, £2, -^3; P, L) is not finitely-graded if £2 > 0. We also called 5(£i, £2, -^3; P, L) a 
divergence- free Lie algebra in [SXl]. The special graded case <S(£i, 0, £3; p, L) was studied by 
Osborn [O], Djokovic and Zhao [DZ4], and Zhao [Zl]. 
Define the moduli space 

Mg^e, = (r X ne,+e,)/Ge,,e„ (2.33) 

where the action of G^j.^s on F x O.^^^^^ is defined by g{p, T) = (g{p), g(T)) for (p, T) G F x il^j+^s 
(cf. (2.21)-(2.24)). 

Theorem 2.5 (Su and Xu, [SXl]). The Lie algebras S{£i, £2, £3; p,T) andS{£[,£'2,£'3; p' ,T') 
with £ > 3 are isomorphic if and only if {£±,£2, £3) = {^'1,^2^ (^3) ^^^^ there exists an element 
g G G^2,^3 such that g{T) = F', and g{p) = p' if £1 = 0. In particular, there exists a one-to-one 
correspondence between the set of isomorphism classes of the Lie algebras of the form (2.32) and 
the set SW in (2.26) if £1 > 0, and between the set of isomorphism classes of the Lie algebras 
of the form (2.32) and the following set: 

55 = {(^i,^2,4,t^)|(0,0,0)/(£i,^2,4)eN3, weMg^iJ (2-34) 

if£i = 0. 

Bergen and Passman [BP] proved an abstract simplicity theorem for Lie algebras of special 
type with the assumption that the derivations in T> arc diagonalizable. By our classification 
theorem of D-simple algebras in [SXZ] (cf. Theorem 2.2), the Lie algebras of Special type 
studied in [BP] are essentially the algebras of the form <S(0, 0, £3; 0, F). 
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3 Lie Algebras with a Feature of the Block Algebras 

Let k he a positive integer. We shall write an element of F ^ as 

a = (ai,Q!2, •■•,Q!fc)- (3.1) 
Denote by Xr the rth coordinate mapping of F*^ with r G 1, fc, that is, 

Xr{a) = ar for a G F'^. (3.2) 

For A G F, we let 

A[^] = (0,...,0,A,0,...,0) forrelTfc. (3.3) 
Take an additive subgroup F of F and additive semigroups 

Jp G {{0}, N} for peTTk (3.4) 

such that 

Xp{T) + Jp^ {0} for peTTk. (3.5) 

Set 

J = Jixj2X---xJk. (3.6) 
Then J" forms an additive sub-semigroup of F'^. We shall write an element of JT" as 

i = {ii,i2,-,h)- (3.7) 
Let v4(F, JT") be the semigroup algebra of F x JT" with the canonical basis 

{x'^'' \{a,i) er X J}, (3.8) 

that is, 

^a,i . ^/3j ^ ^a+/3,?+i J) g T X J^. (3.9) 

Moreover, we have the following mutually commutative derivations {dp \ p & 1, fe} defined by 

dp{x'^'') = apx'^'' + Zpx"'^-^W for {a, i)eTxJ, (3.10) 

where we adopt the convention that if a notation is not defined but technically appears in an 
expression, we always treat it as zero; for instance, x'^'~^W = for any a G F. 

Class I. 

Let k = 2 and denote A2 = A{T, J). We define the following Lie bracket [-, •]/ on A2 by 

[u,v]i = di{u)d2{v) — d2iu)di{v) + udi{v) — di{u)v for u,v e A2- (3.11) 

Denote 

ai = (0,l), (72 = (0,2). (3.12) 

We treat 

x''p,o = Q ifcTp^F. (3.13) 
Then x'^^'^ is a central element of the Lie algebra (^2; [■)■]/)• Form the quotient Lie algebra 

B2 = A2/¥x''''^, (3.14) 
whose induced Lie bracket is still denoted by [•,•]/• 



Theorem 3.1. The Lie algebra {B2, [•, ■]/) is simple if J ^ {0} or (T2 ^ T. Ij J = {0} and 

(72 e r, then the derived subalgebra B^^^ = [B,B]i is simple and B2 = Bf' (Fx^2'° + Fx^i'°). 

The above theorem was due to Block [Bl] when J = {0} and a2 T, due to Djokvic and 
Zhao [DZl] when J = {0} and (72 G T, and due to the author [X4] when J ^ {0}. The Lie 
algebra in [Z2] is isomorphic our algebra {A2, [•, ■]/) with 

Ji = m, J2 = N, M^) = {0}. (3.15) 

The general case L in [Z2] can essentially be obtained from the above special case by adding 
certain powers (x^'-'-I^l to A2 with /Lt G F. 

If Afp(r)J^ / {0} for p = 1 or 2, the simple Lie algebra (S2, [■,•]/) is not finitely-graded. 
The algebra (^2, •]/) appeared in our classification work [X6] of quadratic conformal algebras. 
The following is a typical example of such algebras. 

Example 3.1. Let m be a positive integer. Let A be the subalgebra of 

M[tf/"^,tf/'",i3,i4] (3.16) 

generated by 

,t3,t4,(tlt2)'/™}. (3.17) 

In particular, A = M[if ^, if ^, ^3, ^4] when m = 1. The space B = A/U.t2 and its Lie bracket is 
induced by 

[/, 9]i = {tift, + fts){t2gt, - 9u -9) + if- t2ft, - fu){ti9t, + 9t3) (3.18) 

for f,geA. 
Class II. 

Let k = 4 and denote A4 = A{T,J). Assume 

C r. (3.19) 

Take 

(ki,K2,0,0), Ot^ (0,0,K3,K4) er (3.20) 

and set 

K= {ki,K2,K3,K4). (3-21) 

The following Lie bracket [•, •]// on A4 was obtained in [X4] by the author in studying quadratic 
conformal algebras (cf. [X6]): 

[U,v]ll = x'^'^(ai(u)a2(t;)-52(tx)5i(i;)) + (a3+K3)(u)(54 + K4)(u)-(a4+K4)(u)(53 + K3)(u) (3.22) 

for u,v € A4. Set 

(7 = (0,0, -K3, -K4), p= {ki,K2,-2k3,-2k4). (3.23) 
Then x'^'^ is a central element of {A4, [•,•]//). Form the quotient Lie algebra 

B4 = Aa/^x""^'^, (3.24) 
whose induced Lie bracket is still denoted by [•, -j//. 

Theorem 3.2 (Xu, [X4]). The Lie algebra (-B4, [•, •]//) is simple if J ^ {0}. If J = {6}, 
then the derived subalgebra B^^ = [B, B]n is simple and B4 = b'^^^ ® {Wx^'^ + Fx'^'^). 
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The Lie bracket [•, •]// in (3.22) may not look natural from pure Lie algebra point of view. 

However, it is quite natural from quadratic conformal algebra point of view. The finding of this 
family of simple Lie algebras shows that the notion of conformal algebra is useful in studying 
simple Lie algebras. The Lie algebra {B4, [■, •]//) is not finitely-graded. 

Example 3.2. Let A be the subalgebra of 

R[t^^/'",t4+p\peTA\ (3.25) 

generated by 

{4\h+p, {tit2HUf'"' I p G M}. (3.26) 

When m = 1, 

^ = R[f^\t4+p |pe M]. (3.27) 
Take a nonzero integer n. The space B = A/'M.{t^t^)~'^ and its Lie bracket is induced by 



= {tit2hUT[{tifH + ft,){t2gt, + 9t,) - {t2ft, + ft,){tigt, + gt,)] + {Hft, + 

+ft^ + nf){Ugu + 9t8 + ng) - {t4fu + fta + nf){Ugtz + gt^ + ng) (3.28) 

for f,geA. 
Class III. 

The third class of algebras are supersymmetric extensions of the algebras of Class L Set 

A = A2X A2 = Ao®Ai (3.29) 

with 

Ao = {A2,0), Ai = {0,A2). (3.30) 

Moreover, we denote 

U(Q) = {u,0), U(i) = (0,u) (3.31) 

for u G A2- 

Take an element k = {ki, K2) £ F. We have the following Lie superbracket [•, •] on A defined 

by 

[u{o),V(^Q)] = [di{u)d2{v) - di{v)d2{u) + udi{v) - di{u)v](^Q^, (3.32) 
[^^(0),^^(i)] = [di{u){d2{v) + {K2-l)v/2) + {u-d2{u)){d,{v) + Kiv/2)]^^^, (3.33) 

Ki),^(i)] = (^"'^Hw (3-34) 

for u,v & A2- The Lie superalgebras generated by Hamiltonian superoperator of supervaribles 
(cf. [X5]) associated with certain Novikov-Poisson algebras are of the above form {A, [•,•]) (cf. 
[X2]). Set 

B = Ao + Bi with Bi = [Aq, Ai]. (3.35) 

Then B form a Lie sub-superalgebra of A. Moreover, {x'^^'^)(^o} ^ central element of B (cf. (3.12), 
(3.13)). Form the quotient Lie superalgebra 

C = ^/F(x'^i'°)(0), (3.36) 

whose induced Lie superbracket is still denoted by [•,•]. Now we allow X2{T) = J2 = {0} (cf. 
(3.2), (3.4), (3.5)). 
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Theorem 3.3 (Xu, [X4]). The Lie superalgebm (C, [■,■]) is simple. Moreover, Bi = Ai 
when J ^ {0}, and 

Hi = Span I ((0, 3) - k)/2 7^ a G T} (3.37) 

if = {0}. 

When 

J = {0}, r=(Z,0), K=(1,0), (3.38) 

the Lie superalgebra C = v4 is the well-known centerless super Virasoro algebra. Kantor [Ki] 
constructed Jordan and Lie superalgebras from Poisson algebras. His construction is now known 
as Kantor' s double processing. Our above construction of Lie superalgebras from the algebras 
of Class I is another double processing. Note that (.42, ■,[■,•]/) does not form a Poisson algebra 
(cf. (3.9), (3.11)). The Lie superalgebra C is not finitely generated when Xp{T)J'p / {0} for 
p = 1 or 2. 

Example 3.3. Let A; be a positive integer and let A be the subalgebra of 

M[^f/^^f^^^3,^4] (3.39) 

generated by 

{tf\tt\ts,U,{ht2)'^''}. (3.40) 

In particular, A = 'R[tf^,tf^,t3,t4] when k = 1. Suppose that m and n are two fixed integers. 
The space 

8 = {Ax ^)/M(t2)(o) (3.41) 

with its Lie superbracket induced by 

[/(o), 3(0)] = [{hfti + ft3){t29t2 + 9u -9) + if- t2ft2 - fu){hgti + 5t3)]{o), (3-42) 

[/(0),5(i)] = [(ii/ti+/t3)(*25t2+fft4 + (^-lW2) + (/-t2/t2-/*4)(*i5*i+5t3+W2)](i), (3.43) 

[/(i),5(i)] = ((«)/5)(0), (3.44) 

for /,5Gyl(cf. (3.31)). 

4 Lie Algebras of Hamiltonian Type and Contact Type 

Let A; be a nonnegative integer. We shall write an element of F '^^ as 

a = (ai,a2, ...,a2fe). (4.1) 
Denote by X^. the rth coordinate mapping of F with r G 1, 2fe, that is, 

Xr{a) =ar for aGF^*^. (4.2) 

For A G F, we let 



A[,] = (0,...,0,A,0,...,0) for rG 1,2A;. (4.3) 
Take an additive subgroup Fi of F and additive semigroups 



JpG{{0},N} forpGl,2A; (4.4) 

such that 

Xp{V) + Jp^ {0} for p G T;2k. (4.5) 
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Set 

J = Ji X ^2 X ■ ■ ■ X J2fc- (4.6) 
Then J forms an additive sub-semigroup of F^'^. We shall write an element of J as 

i = (ii,i2, •••,i2fc)- (4.7) 

Let To be a torsion-free abelian group. Define 

r = To © Fi a direct sum of abelian groups. (4.8) 

We write an element of F as 

a = ao -I- a with ccq G Tq, a G Fi. (4.9) 
Let A be the semigroup algebra of F x JT" with the canonical basis 

(a,?) GF X J}, (4.10) 

that is, 

. ^ ^d+P,i+j for (a, i),0J) X J. (4.11) 

The identity element of ^(F, J') is x*''", which will be simply denoted as 1_4. Moreover, we have 
the following mutually commutative derivations {dp \ p & 1,2k} defined by 

dp{x^'') = apx^'' + ipx^''-^lp^ for {d,i) eV x J, (4.12) 

where we adopt the convention that if a notation is not defined but technically appears in an 
expression, we always treat it as zero; for instance, x°'~^W = for any a G F. 
Take ki £ 0,k such that 



A'p(Fi) 7^ {0} or Xk+piTi) {0} for p G l,ki. (4.13) 

Set 

U = {p,k+p\p(ET;k, ^p(ri)A'fc+p(Fi) / {0}}. (4.14) 

We also view F as a Z- module. Take a skew-symmetric Z-bilinear (/>(•,•): F x F ^ F such that 
{ao G Fo I (piao, 0) = iov /d = po + [3 e T with Xq{P) = if g G ^} = {0}. (4.15) 
Moreover, we assume 

l[p] G Fi if p G ki + l,k[jk + ki + l,2k and A'p(Fi) / {0}, (4.16) 

l[p] G Rad,^ if p G lM[jk + l,k + ki and XpiTi) {0}. (4.17) 

Choose 

/ cTp G Rad^ n^^^b] + ^hk+p]) for p G TTfe^, CTg = for g G /ci + l,fe, (4.18) 

and set 

k 

a = Y.^p. (4.19) 

For any a G F, we set 

Aa = ^¥x^^\ (4.20) 
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Then we have the following Lie bracket [■,-]h on A: 

k 

[u,v]h = ^x''P'°{dp{u)dk+p{v) - dk+p{u)dp{v)) 
p=i 

k 

+{(j){d,f3)~ ^ {ap(5k+p - ak+p(3p))uv (4.21) 

p=k\+l 

Obviously, 1^ is a central element of {A, [•••]//)• Form the quotient Lie algebra 

n = A/¥U, (4.22) 

whose induced Lie bracket is still denoted by [■, -Jif. The algebra H is called a Lie algebra of 
Hamiltonian type. 

Theorem 4.1 (Xu, [X7]). The Lie algebra {H, [-, -Jif) is simple if J ^ {0} or ki = 0; If 

J = {0} and ki > 0, then the derived subalgebra Hp-^ = [7i,7i]H is simple and 7i = Hp-^ © 
(Fx'^'O+FU). 

A classical Lie algebra of Hamiltonian type is isomorphic to the above V. when 

ro = {0}, ki = Q, ri = {0}. (4.23) 
In this case, A = F[ti,t2, •■•,i2fe]- Osborn [O] studied the case 

To = {0}, A'p(ri)l[p] C Ti, Xp{Ti) = {0} or Jp = {0} (4.24) 



for p G 1,2A;. Osborn and Zhao [0Z2] dealt with the case 

k 

J = {0}, 0(ao + a,(5 + (5o) = (p'{ao, Po) + ^ {oiph+p - ak+p/3p) (4.25) 

p=ki+l 

for ao, /So ^ Tq and a, (3 € Fi, where (p'{-, •) : Fq x Fq — > F is a skew-symmetric Z-bilinear form. 
In fact, TC is not finitely-graded if Xp{r)J^p / {0} for some p £ I, 2k. 
It is straightforward to verify 

[u,vw\h = [u,v\hw + v[u,w\h for u,v,w £ A. (4.26) 

Thus {A,-,[-,-]h) forms a Poisson algebra (cf. (4.11) and (4.21)). In [SX2], we completely 
determined the isomorphism classes of Poisson algebras of the above form [A, ■, [■, ■]h)- 

Next we shall construct simple Lie algebras of contact type. Let A: be a positive integer. 
Take an additive subgroup Fq of F, an additive subgroup Fi of F^'^, and additive semigroups 



Jp e {{0}, N} for pe0,2k (4.27) 

such that 

To + Jo^ {0}, Xp{r) + Jp^ {0} for p G T;2k. (4.28) 

Set 

F = Fo X Fi (4.29) 

and 

J = JoxJiX---xJ2k- (4.39) 
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Then F forms a subgroup of F^'^^-'^ and J forms an additive sub-semigroup of F^'^"'"^. We shall 
write an element of T as 

a = {ao,ai,...,a2k) (4.31) 

and an element of J as 

i = (io,ii,...,i2fc)- (4.32) 
Let A be the semigroup algebra of F x J" with the canonical basis 

{x'^^' \{a,i) eV X J}, (4.33) 

that is, 

a-a,? . a-/? J = x<y+0,i+j for (c,^ i) , (/3 J) G r X J. (4.34) 

For A G F, we let 



A[^] = (0, ...,0, A,0, ...,0) for rG0,2A;. (4.35) 

Moreover, we have the following mutually commutative derivations {dp \ p € 0, 2k} defined by 

dp{x'^'') = apx'^'' + for (a, i)erxj. (AM) 

We assume that 

ap = -l[p] G r if A'p(ri) / {0}, Xk+p{ri) = {O}, (4.37) 

r if XpiVi) = {0}, Xk+pi'^i) {0}, (4.38) 

Up = -i[p]-if,+p] G r, Fi[p] f|r 7^ {0}, Fi[fc+p] f|r 7^ {o} if A:p{Ti)Xk+p{ri) + {o}, (4.39) 

for p £ l,k. 
Set 



^1 = {p G 1, 2k I -Yp(ri) 7^ {0}}, U2 = l,2k\ Ui. (4.40) 
Assumption (4.28) implies = N for p G ?J2. We define another derivation 5 on ^ by 

d{x'^'') = (^ap+Y^ ig)x'^'' for (a,i) eTxJ. (4.41) 
Take any ao G Toljo] and let 

(7p = for p G TTfc \ Oi. (4.42) 
Then we have the following Lie bracket [•, -jx on A: 

k 

[u,v]k = a;'^°'°[ao(u)(2-a)(t;)-(2-a)(«)ao(^;)] + ^x'^^'°(ap(u)afe+p(^;)-afc+p(ii)ap(^;)) (4.43) 

p=i 

for u,v E: A. We call the algebra {A, [•, -J^:) a Lie algebra of Contact type. 
Theorem 4.2 (Xu, [X7]). The Lie algebra {A,[-,-]k) is simple. 

The Lie algebra {A, [■, ■]k) is not finitely graded if TqJq ^ {0} or Xp{y\)Jp ^ {0} for some 
p G 1, 2k. A classical Contact Lie algebra is isomorphic to (.4, [•, ■\k) when F = {0}. Osborn [O] 
studied the algebra {A, [•, -ji^) when TqJq = {0} and 



A'p(ri)l[p] G Li, -Yp(ri)J'p = {0} for p G 1,2A;. (4.44) 
Osborn and Zhao [OZl] dealt with the case J = {0}. 
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5 Classical Lie Algebras over Generalized Weyl Algebras 



For an associative algebra B (which may not have an identity element), the associated Lie bracket 
is defined by 

[u, v] = uv — vu for u,v E B. (5-1) 

The Weyl algebra of rank k is an associative algebra generated by {ti,di \ i e l,k} with the 
defining relations: 



[U,tj] = = [di, dj], ditj - tjd, = (^ijlAfc, for i,j G 1, k. 
Let us go back to the settings (2.10)-(2.16). For convenience, we denote 



(5.2) 



(5.3) 



the commutative associative algebra defined in (2.11) and (2.12). Recall that the derivation 
subalgebra V defined by (2.13)-(2.16). Now we define 



^^P"cEnd A. 



(5.4) 



n=0 



Then A forms an associative subalgebra of End A. In fact, A is isomorphic to the Weyl algebra 
A^ when £2 = ^3 = 0. We call the algebra A a generalized Weyl algebra. 

For positive integer n, we denote by M„xn(A) the algebra of n x n matrices with entries in 
A. Fix a positive integer k. Let 

{]B[^\Bf\...,Bf^} 



be a set of nonzero left ideals of A and let 



r 5 r 5 • • • ? r 



For notational convenience, we set 



d(1) ™(2) „{k). 



We define 



,Br) = < 



02,1 ^2,2 



> . 



(5.5) 
(5.6) 

(5.7) 
(5.8) 



, \ Cik,! 0'k,2 ■ ■ ■ 0'k,k J 

Then g'Z(B;,Br) forms a Lie subalgebra of Mkxk{^) with the Lie bracket defined in (5.1). Set 

A = (A,A,...,A). (5.9) 

When (M>i,Mr) = A, gl{Mi,'M>r) = Mfcxfc(A) has a one-dimensional center F/j., where 1^ is the 
k X k identity matrix. We define the quotient Lie algebra 



sZ(/c,A) =Mfcxfc(A)/F4. 



(5.10) 



Theorem 5.1 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra gl(Mi,Br) with (B;,Br) / 
A and the Lie algebra sl{k,A) are simple. 



Pick 



i' e 0,4- 



(5.11) 
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Set 

M = J]F[V+i,...,t^,+^,]x", A' = (5.12) 

aer 

Then A' forms a subalgebra of A. Define 

= . . . ^ Qrh ^ Qvr^XQra-, . . . ^m,, rn = (mi, m^/) ^ N^', (5.13) 

= a,?;t'C2' • • • ^T^ (-^)" = (-5,'+i)"^'+K-5^'+2)"^'+^ • • • (-5^)"^ (5.14) 

for n = (n^'+i, ■■■,ni) G N^~^'. Set 

A"= ^ (5.15) 

Observe that A" is a subalgebra of A. Moreover, A' and A" are mutually commutative subalge- 
bras and 

A = A"A'. (5.16) 

We define r G End A by 

T{uf^'d^"d^) = i-df ■ uP^"d^' for m', m" G N^', n G N^"^', u G (5.17) 
It was verified in [BXZ] that the map r is an involutive anti- automorphism of A, that is, 

= 1, r(l) = 1, t{uv) = t{v)t{u) for u,v e A. (5.18) 

Fix a positive integer k. Let {Bp-'jBl^'*, ...,]b['^^} be a set of nonzero left ideals of A and let 
{B^^\b^^\...,B^''^} be a set of nonzero right ideals of A. Set 

k 



A = B«b}^^ (5.19) 

as a direct sum of k'^ vector spaces. Let p G End A such 

p2 = Id^, p(B«Bp^) = B^^^Bf^ for i,j Gh/k (5.20) 

and 

p{ab) = p{b)p{a) for i,j,p G T^fe, a G B^'^B^^ h G B^.-'^bJ^^ (5.21) 
The followings are examples of such a linear map p. 

Example 5.1. (1) We first take a set {Bj^\Bp\ ...,Bp^} of nonzero left ideals of A, and 
then take 

b(^) = r(Bj^'^) forjGlTfe. (5.22) 
It is easy to see that {B^^^B^^^ is a set of nonzero right ideals of A. Moreover, 

t(B»bJ^'^) = B^^'^Bf^ for i,j eT/k (5.23) 

by (5.18). So we can take p G End A determined by 

p{u) = t{u) for u G B^Bp^ i,j G T^k- (5.24) 

(2) Take 

rhi,rn2, ...,mk,ni,n2, ...,nk G N^~^ . (5.25) 
14 



Set 

In this case 
Set 



= Ad^^i, = 5"*A for z G 1, it. 

Bp) = d^iKd'^i for z, j G TTfc. 



|m| = rrii for m = (m^'+i, m^) G ^. 



Moreover, we assume 

Mil + l^il = |"^2| + 1^2! = • • • = \rhh\ + |nfe| (mod 2). 
We define the linear map p : A ^ A by 

p^ni^gmj^ = (-l)l"il+l'^.l5^^r(a)a^' for i,j e T7k, d^'ad^^ G 1 



(5.26) 
(5.27) 

(5.28) 

(5.29) 
(5.30) 



Set 



/ ai,i ai,2 ■■■ ai,fe \ 



* = 



> . 



(5.31) 



\ afc,i afc,2 • • • 0'fc,fe / 
Then ^ is an associative subalgebra of M/jxA;(A). Moreover, we define a hnear map * : 5' — > 

by 



ai,i 01,2 ••• ai,fe \ / P(ai,i) P(«2,i) •■■ p(afe,i) \ 



a2,fc 



\ «fc,l afc,2 • • • «fc,fe / 



/5(oi,2) ^(02,2) •■■ P{0'k,2) 



\ P{ai,k) p{a2,k) ■ ■ ■ p{ak,k) ) 



(5.32) 



It can be verified that * is an involutive anti-automorphism of ^. Define 

o(B,,Br) = G * I ^* = -^}. (5.33) 

Then o(B;,Br) forms a Lie subalgebra of Mf^^ki-^) with the Lie bracket defined in (5.1). 

Theorem 5.2 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra o{Mi, Mr) is simple. 

Next we set 

/ ai l ■ ■ ■ oi 2fc \ 



aij,ak+ij,ai^k+j,ak+i,k+j £ B^Bp^; i, j g 1, A; V . (5.34) 



, \ a2fc,i • • • a2fc,2fc / 



Then is an associative subalgebra of M2A;x2fc(A). Moreover, we define a linear map * : 5'' ^ 

by 

/ ai,2 • • • ai,2fe \ * / P(ai,i) P{a2,i) ■ ■ ■ p{a2k,i) \ 

p(ai,2) p(a2,2) ••■ p(a2fc,2) 



a2A 0-2,2 ■ • • ^2,2*; 



\ <l'2k,l a2k,2 ■ ■ ■ a2k,2k j 



(5.35) 



V p(oi,2fc) p{a2,2k) ■ ■ ■ P{a2k,2k) j 



It can be verified that * is an involutive anti-automorphism of 
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Denote 

where 1^ is the k x k identity matrix. Moreover, we define 

p{A) = -SA*S for A G (5.37) 

Then p is involutive anti- automorphism of ^' . We set 

sp{2k,Mi,Mr) = G ^' [ p{A) = -A}. (5.38) 

The subspace sp{2k,Mi,Mr) forms a Lie subalgebra of M2kx2k{^) with the Lie bracket defined 
in (5.1). 

Theorem 5.3 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra sp{2k,Mi,Mr) is simple. 

We remark that in [BXZ], we obtained Theorems 5.1-5.3 for any simple associative algebra 
satisfying certain properties as A do. These simple algebras are not finitely-graded. All the 
classical Lie superalgebras over generalized Weyl algebras had been obtained. 
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